Abstract. Zassenhaus Conjecture for torsion units states that every augmentation one torsion unit of the integral group ring of a finite group G is conjugate to an element of G in the units of rational group algebra QG. This conjecture has been proved for nilpotent groups, metacyclic groups and some other families of groups. We prove the conjecture for cyclic-by-abelian groups.
G. This includes the class of metacyclic groups that was not covered in previous results. The aim of this paper is to prove (ZC1) for arbitrary cyclic-by-abelian groups. Formally we prove Theorem. Let G be a finite cyclic-by-abelian group. Then every normalized torsion unit of ZG is conjugate in QG to an element of G. Our strategy uses induction on the order of the group G and on the order of the torsion unit. In other words we consider a finite cyclic-by-abelian group G, which is a minimal counterexample to (ZC1), and u a torsion unit in ZG, which is a minimal counterexample to (ZC1). Here minimal means "of minimal order". In particular, we assume that (ZC1) holds for proper subgroups and quotients of G and for units in proper subgroups of the group generated by u.
Most of the ideas used in this paper are either due to or inspired from the techniques introduced by Hertweck in [Her08a] which we have adapted in some steps of the proof to avoid some difficulties appearing in the general case which are not encountered in the hypothesis of [Her08a] . For example, the strategy in [Her08a] for the case when G = AX with A cyclic normal and X abelian, consists in first proving (ZC1) for torsion units u with augmentation 1 modulo A, with the help of a result of Cliff and Weiss for the matrix version of Zassenhaus Conjecture (Theorem 1.5) and a beautiful use of Weiss permutation module theorem [Wei88] , then using this to prove the results for units with augmentation 1 modulo C G (A) and then reducing the general case to this special case. In several steps of the proof one uses a faithful linear representation of A and the fact that C G (A) = AC X (A) = AZ(G) (and hence C G (A) is cyclic-by-central). In the words of Hertweck the last fact is "the main reason for assuming that A is covered by an abelian subgroup-rather than assuming that G/A is abelian".
In our strategy the subgroup D = Z(C G (A)), for A a cyclic subgroup of G containing G ′ , plays a very important role. We first prove (ZC1) for units with augmentation 1 modulo D using local methods over the p-adic integers and then we prove (ZC1) for the remaining units using the so called Luthar-Passi Method. As D is not cyclic-by-central it is not possible to use neither Cliff-Weiss Theorem, nor a faithful linear character of an appropriate cyclic subgroup of G. Instead, for the first part of the proof we adapt the p-adic methods of Hertweck and CliffWeiss to our situation with a careful revision of their proofs, using linear characters of D with kernels not intersecting A, and in the second part we use a family of linear characters of D with kernel not containing any normal subgroup of G. This introduces some difficulties in the arguments which makes the proofs more involved than in [Her08a] .
Notation, preliminaries and some tools
In this section we establish the general notation and collect some known results, which will be used throughout the paper.
As it is costumary ϕ denotes Euler's totient function. The cardinality of a set X is denoted |X|. For every integer n we let ζ n denote a fixed complex primitive root of unity of order n. The ring of p-adic integers, for p a prime integer, is denoted Z p .
We use the standard group theoretical notation. In particular, if G is a group, then Z(G) denotes the center of G, G ′ the commutator subgroup of G and exp(G) the exponent of G. If g, h ∈ G then |g| denotes the order of g, g
−1 gh and g G denotes the conjugacy class of g in G. If X ⊆ G then X denotes the subgroup generated by X, C G (X) = {g ∈ G : (x, g) = 1 for every x ∈ X}, the centralizer of X in G and N G (X) = {g ∈ G : X g ⊆ X}, the normalizer of X in G. Let p be a prime integer. If g has finite order then g p and g p ′ denote the p-part and p ′ -part of g, respectively. If G has a unique p-Sylow subgroup (respectively a unique p ′ -Hall subgroup) then it is denoted G p (respectively G p ′ ). In the remainder of this section R stands for a commutative ring. If N is a normal subgroup of G then the N -augmentation map of RG is the unique ring homomorphism ω N : RG → R(G/N ) extending the natural map G → G/N and acting on R as the identity. In particular ω = ω G is the augmentation map of RG. Let r = g∈G r g g ∈ RG with r g ∈ R for every g. For every g ∈ G, let ε G g (r) denote the partial augmentation of r in the conjugacy class of g in G, that is
If the group G is clear from the context we simply write ε g (r). Conjugacy classes in RG and partial augmentation are strongly related. We collect in the following remark some easy facts about this relation.
Using this it is easy to prove that if u ∈ RG and g ∈ G are conjugate in RG, then ε G g (u) = 1 and ε G x (u) = 0 for every x ∈ G with x ∈ g G . Hence, for such u and g and a normal subgroup N of G we have ω N (u) = 0 if and only if g ∈ N and in that case ω N (u) = 1.
One of the main tools to study (ZC1) is the following well known result which is somehow a converse of Remark 1.1 (see e.g. [Seh93, Lemma 41.5]). Proposition 1.2. Let u be a normalized torsion unit of ZG. Then u is conjugate in QG to an element of G if and only if ε G g (v) ≥ 0 for every v ∈ u and every g ∈ G.
Proposition 1.2 is commonly presented in the following equivalent form: A normalized torsion unit u of ZG is conjugate in QG to an element of G if and only if for every v ∈ u , there is g ∈ G such that for every x ∈ G we have ε G x (v) = 0 if and only if x ∈ g G . The following proposition collects some results from [Her06] and [Her08a] which will be very useful in our arguments. Proposition 1.3. Let G be a finite group and p a prime integer.
(1) Let R be a p-adic ring with quotient field K and u a normalized torsion unit of RG.
(a) Suppose ω P (u) = 1 for P a normal p-subgroup of G. Then u is conjugate in KG to an element of P . (b) Suppose that the p-part of u is conjugate to an element x of G in the units of RG and g is an element of G such that the p-parts of x and g are not conjugate in G. Then ε g (u) = 0. (2) Let u be a torsion unit of ZG.
(a) If ε g (u) = 0 with g ∈ G then the order of g divides the order of u.
(b) Assume that ω P (u) = 1 with P a cyclic normal p-subgroup of G. Then u is conjugate in QG to an element x ∈ P . If moreover, C G (x) has a normal p-complement, then u and x are conjugate in Z p G.
We now present a matrix version of (ZC1) which was introduced in [MRSW87] as a strategy to prove (ZC1) in some cases. If k is a positive integer then the action of ω on the matrix entries defines a ring homomorphism M k (RG) → M k (R). It restricts to a group homomorphism GL k (RG) → GL k (R). Following [CW00] we let SGL k (RG) denote the kernel of this group homomorphism. The matrix version of (ZC1) is the following problem: Problem 1.4. Let G be a finite group. Is every element of finite order of SGL k (ZG) conjugate in GL k (QG) to a diagonal matrix with diagonal entries in G?
Cliff and Weiss solved this problem for nilpotent groups and arbitrary k. 
A useful technique to deal with Zassenhaus conjecture (in the most general form) is the so called double action formalism introduced by Weiss [Wei88] . Let G and H be groups, R a commutative ring and let α :
h ∈ H and r ∈ R. It is easy to see that if β : 
Proof. Cliff and Weiss [CW00] 
1 is a proper character of Γ p ′ . So we only have to prove that χ(c, g) = a g |C G (g)| and this follows from (ind
otherwise.
Torsion units with D-augmentation 1
In this section G is a finite group. The title of this section refers to D = Z(C G (A)) for a cyclic subgroup A of G containing G ′ (see the introduction). So the aim of this section is to prove (ZC1) for torsion units u with ω D (u) = 1.
We start with a lemma, which seems to be folklore. . Let q be a prime divisor of |u|. Then q is either p or a divisor of n. We conclude that q divides |N |.
(2) Assume that the order of u is a power of p and set
Since p is coprime with [N : N p ], the order of u 1 is coprime with p, by (1). Hence u 1 = 1, as desired.
The following lemma extends [Her08a, Claim 5.2] where it was proved for the case where G = AX with A a cyclic normal subgroup of G and X an abelian subgroup of G.
Lemma 2.2. Let A be a cyclic subgroup of G containing G ′ and let N be a nontrivial p-subgroup of A for some prime p. Then C G (N ) has a normal p-complement (i.e. it has a normal p ′ -Hall subgroup).
Proof. By replacing G by C G (N ) we may assume without loss of generality that N is central in G. If N 1 is the unique minimal non-trivial subgroup of N and α : Aut(A p ) → Aut(N 1 ) is the restriction map, then the kernel of α is a p-group. Therefore the p ′ -elements of G commute with the p-elements of A. Let H be a p ′ -Hall subgroup of G. We will prove that H is normal in G. Let h ∈ H and g ∈ G.
As G/A is abelian, h g = ah for some a ∈ A. By Hall Theorem [Rob82, 9.1.7], it easily follows, that A p ′ ⊆ H. Therefore a p ′ h ∈ H and in particular the order of a p ′ h is coprime with p. Thus (a p , a p ′ h) = 1 and hence the order of h g is divisible by the order of a p . Thus a p = 1 and we conclude that
The argument of the following lemma was already used in [dRS06] and [Her08a] to prove that partial augmentations of elements in G \ C G (A) are non-negative in the minimal counterexamples. We need this also for elements in G \ Z(C G (A)).
Lemma 2.3. Let A be a cyclic subgroup of G containing G ′ and assume that G/N satisfies (ZC1) for every non-trivial subgroup N of A. Let u be a normalized torsion unit in ZG and let
This proves the claim. We setᾱ = ω N (α) for every α ∈ ZG. By hypothesis (ZC1) holds for G/N and hence ε
The following lemma comes from a closer investigation of the proof of Theorem 1.5 as given [CW00] .
Lemma 2.4. Let N be an abelian normal subgroup of G and u a torsion unit in ZG with ω N (u) = 1. Let η be an irreducible character of N and n ∈ N . Then
Proof. Let m be the order of u and let v be the image of u under the natural
, by statement (2a) of Proposition 1.3. Combining this with Lemma 1.6 we have
and for every prime integer p and every character ψ of Γ p ′ we have
where h ′ is a fixed element of N with h ′ p = n p and ψ(c, h ′ ) = 1. Let ψ be the character of Γ given by ψ| N = η and ψ(u) = η(n) −1 . Then ψ(c, n) = 1 and therefore applying the previous inequality for h ′ = h p n with h p ∈ N p we deduce that
We conclude that
The following theorem is an adjustment of [Her08a, Theorem 5.1] to our situation.
Theorem 2.5. Let G be a finite group and A a cyclic normal subgroup of G containing G ′ . Set D = Z(C G (A)) and let u be a torsion unit of ZG with ω D (u) = 1. If the order of u is a power of a prime p, then u is conjugate in Z p G to an element of D p .
Proof. By statement (1a) of Proposition 1.3, u is conjugate in QG to an x ∈ D p . Let R be a p-adic ring with quotient field K containing a root of unity of order the exponent of G. We will proof that u is conjugate to x in RG. Then by [CR62, 30.25 ] the conjugation already takes place in Z p G.
and let Q be the normal p-complement of L, that exists by Lemma 2.2. Note that L and E are normal in G, for they contain A, and Q is also normal in G for it is a characteristic subgroup of L.
The primitive central idempotents of KQ belong to RQ, because the order of Q is invertible in R. Moreover G acts on these primitive central idempotents by conjugation. Let ǫ 1 , ..., ǫ β be the sums of the G-orbits of this action. Then RG = β i=1 ǫ i RG and therefore it is enough to show that ǫ i u is conjugate to ǫ i x in ǫ i RG for every i. Note that ǫ i u is conjugate to ǫ i x in ǫ i KG and a primitive idempotent of KQ stays primitive in KL by Greens Indecomposability Theorem, since L/Q is a p-group [CR62, 19.23] .
So fix one primitive central idempotent f of KQ and let ǫ be the sum of the G-conjugates of f . We have to prove that ǫu and ǫx are conjugate in ǫRG. Let e be the sum of different L-conjugates of f and write e = e 1 + ... + e m with orthogonal primitive idempotents of RQ. Let T = C G (e) and let {1 = s 1 , ..., s n } be a transversal of G/T . Then with w a unit in RQe then a → aw is an isomorphism N 1j → N ij . Secondly, if q ∈ E, then the map a → aq is an isomorphism N e i → N e q i . Therefore, if we choose the transversal {s j : 1 ≤ j ≤ n} = {h j2 q j1 | 1 ≤ j 1 ≤ n 1 , 1 ≤ j 2 ≤ n 2 }, with {h 1 , ..., h n2 } a transversal of G/T E and {q 1 , ..., q n1 } a transversal of E/E ∩ T (which is also a transversal of T E/T ), and denote N ij = N i(j1,j2) if s j = h j2 q j1 . Then we have
mod T E we can pick a suitable q j1 such that by setting s j0 = h j2 q j1 we have g ij s j ≡ s j0 mod T and this gives M ij ∼ = N 1,(1,j2) . Set X j2 = {(i, j) | g ij s j ≡ h j2 mod T E}. By the previous paragraph, the isomorphism M ∼ = N will follow from (2.2) provided |X j2 | = mn 1 . The remainder of the proof is dedicated to prove this equality. For this we will use a representation of ǫKG and investigate the multiplicities of eigenvalues of ǫx and v under this representation. They are the same for ǫx and v are conjugate in ǫKG. This is also the strategy in the proof of [Her08a, Theorem 5.1]. However the representation used by Hertweck was constructed using a faithful linear representation of A p and here we need to use a linear representation of D p . This representation cannot be faithful if D p is not cyclic. Instead we use a subgroup H of G such that G/H is cyclic and H ∩ A = 1 and then consider a linear representation of D p with kernel H. The existence of such H follows easily by observing that if H is a maximal subgroup of D p not intersecting A, then D p /H is cyclic because otherwise D p /H contains a direct product c × d of cyclic groups of order p. This would yield to a contradiction using the maximality of H and the fact that A is cyclic.
Let π be the linear character of a representation of D p with kernel H and let ψ be the sum of all irreducible characters of Q, that do not vanish on e. So ψ(f ) = 1 for every primitive idempotent f of RQ satisfying ef = 0 and hence ψ(1) = m. Let ρ be a representation of Q × D p affording ψ ⊗ π. This can be chosen satisfying ρ(e i ) = E i , where E i denotes the elementary matrix with 1 in the i-th diagonal entry and 0 anywhere else. Then ρ(e i y) = π(y)E i for any i and y ∈ D p . Let χ = ind T Q×Dp (ψ ⊗ π), let ∆ be a representation of T affording χ and let {t 1 , ..., t k } be a transversal of T /Q × D p . Then, after a suitable conjugation one may assume that
for every y 1 , . . . , y m ∈ D p Denote by∆ : M n (eKT ) → M nmk (K) the map which acts like ∆ componentwise.
As right KG-modules we have ǫKG = Set∆ =∆ • δ. Then we havê
Observe that the index i only affects the diagonal entries of∆(ǫx) by repeating each entry m times. Furthermore On the other hand we havê
Arguing as in the previous paragraph we deduce that the multiplicity of π(
As v and ǫx are conjugate in ǫKG we deduce that m[E :
T ∩ E] = mn 1 . Then (i, j, l) → (i, j) defines a bijective mapȲ j2 → X j2 . Therefore |X j2 | = mn 1 as desired.
Corollary 2.6. Let G be a finite group and A a normal cyclic subgroup of G containing G ′ . Let D = Z(C G (A)) and u a torsion unit in ZG satisfying ω D (u) = 1. Then u is conjugate in QG to an element of D.
Proof. Since G/A is abelian there exists some b ∈ G such that ω A (u) = bA. We claim that {n ∈ D : ε n (u) = 0} is contained in bA. Indeed, let p be some prime dividing |u|. By Theorem 2.5 u p is conjugate in Z p D to some n p,0 ∈ D. By statement (1b) of Proposition 1.3, if ε n (u) = 0 then n p is conjugate to n p,0 , so n p A = n p,0 A. On the other hand we have that b p A = ω A (u p ) is conjugate to n p,0 A = ω A (n p,0 ), so b p A = n p,0 A and hence b p A = n p A for all primes p dividing |u| and all n ∈ N with ε n (u) = 0. As |n| divides |u|, by statement (2a), we deduce that nA = bA and the claim is proved.
Assume that the statement of the corollary is false. Then, by Proposition 1.1 and Lemma 2.3, there exists an n ∈ G such that ε n (u) < 0. So n ∈ bA, by the previous paragraph. As in the proof of Theorem 2.5 there exists a subgroup H in D such that H ∩ A = 1 and D/H is cyclic. So D has a linear character η with kernel H. Then, by Lemma 2.4, we have 0
Reduction to torsion units of D-augmentation 1
In this section we pursue another idea from [Her08a] . In order to reduce the proof of (ZC1) to the case of units of A-augmentation 1, with A a cyclic normal subgroup of G, Hertweck studied the multiplicities of the image of a representation of G induced from a faithful linear character of A. In our study we need to replace A by D = Z(C G (A)). Now D may not be cyclic and in that case it does not have any faithful linear character. Alternatively we consider linear characters of D, whose kernel does not contain any non-trivial normal subgroup of G. Observe that if D is cyclic then the characters satisfying this condition are precisely the faithful linear characters of D.
Let N be an abelian normal subgroup of G. Then for every linear character ψ of N and every u ∈ CG one has
where ψ G represents the character induced from ψ. This can be checked directly by observing that both sides of the equality define linear maps on CG and checking the formula for the elements of G. It can be also proved using [Seh93, Lemma 41.10] . If N = {n 1 , . . . , n m } and ψ 1 , . . . , ψ m are the linear characters of N then (3.4) yields the following 
where T = (ψ i (n j )), the character table of N . By the Orthogonality Relations the transpose conjugate of T is mT −1 . Multiplying by this matrix we obtain
for every x ∈ N and u ∈ CG.
Let K = K N = {K ≤ N : N/K is cyclic and K does not contain any non-trivial normal subgroup of G}.
For every K ∈ K we select a linear character ψ K of K with kernel K and let ρ K be a representation of G affording the induced character ψ
and therefore we may assume that ρ K1 = ρ K2 . Let C K be the set of conjugacy classes in G of elements of K. For every
For a square matrix U with entries in C and α ∈ C let µ U (α) denote the multiplicity of α as eigenvalue of U . If U m = I and α is a root of unity then we have the following formula (see [LP89] )
This formula is the bulk of the Luthar-Passi Method.
Lemma 3.1. Let G be a finite group such that (ZC1) holds for every proper quotient of G. Let N be an abelian normal subgroup of G. Let u be a unit of ZG with ω N (u) = 1 and let x ∈ N .
(1) Then
(2) Assume moreover that m = |u|, f = |ω N (u)|, x m = 1 and u d is conjugate in QG to an element of G for every 1 = d|m. Then for every h | f with h = 1 we have
Proof.
(1) Let ψ be a linear character of N such that the kernel of ψ contains a non-trivial normal subgroup U of G. Then ψ = φ • ω U for a linear character φ of G/U . By the induction hypothesis ω U (u) is conjugate in Q(G/U ) to an element of G/U . Moreover ω N/U (ω U (u)) = ω N (u) = 1 and therefore ε nU (ω U (u)) = 0 for every n ∈ N . Then (3.4) yields ψ G (u) = φ G (ω U (u)) = 0. Hence we can drop in (3.5) all the summands labeled by linear characters of N whose kernel is not in K. The remaining characters are those of the form σ •ψ K for a K ∈ K and σ ∈ Gal(Q K /Q). Hence
as desired.
(2) Let d be a divisor of m such that d = 1 and ω N (u d ) = 1. By hypothesis u d is conjugate to an element of G which does not belong to N , by Remark 1.2. Therefore ε n (u d ) = 0 for every n ∈ N . Hence, by (3.7) we have
For every K ∈ K and every integer d we use the notation µ(
. By (3.6), for every e|m we have
Let d|m and α = ψ
. This equality together with (3.7) yields
Moreover, by (3.10), this is 0 provided f ∤ d|m and d = 1. Thus, for e = 1 and 1 = h|f , (3.11) can be reduced to the following
where in the last equality we have used (3.11) for e = h. This proves (3.8).
(3) Finally assume that G ′ is cyclic and u f is conjugate in QG to y ∈ N . Then ρ K (u f ), ρ K (y) and diag(ψ K (y g ) : g ∈ T ) are conjugate in the matrices over C, where T is a transversal of G/N . Observe that ψ K (y g ) = ψ K (y h ) if and only if ψ K ((y, g)) = ψ K ((y, h)) if and only if (y, g)(y, h) −1 ∈ K if and only if (y, g) = (y, h) (because K ∩ G ′ = 1), if and only if gh −1 ∈ C G (y). Therefore each eigenvalue of
Remark 3.2. Let A be a cyclic normal subgroup of G containing G ′ . Clearly every element of K does not intersect A and Z(G). Conversely, let H be a subgroup of G containing a non-trivial normal subgroup U of G and such that H ∩ Z(G) = 1. If 1 = n ∈ U then 1 = (n, g) ∈ A ∩ U for some g ∈ G and therefore A ∩ H = 1. Thus, for every abelian subgroup N of G we have
Observe that K N can be empty. For example, this is the case if N ∩ Z(G) is not cyclic.
Lemma 3.3. Assume that A is a cyclic subgroup of G containing G ′ . Let N be a an abelian subgroup of G containing A and
Proof. Write N = C × H with C cyclic of maximal order in N and selected in such a way that if p is prime and exp(N p ) = exp(A p ), then C p = A p . We claim that if K ∈ K, then C ∩ K = 1. Otherwise C p ∩ K = 1 for some prime p and therefore exp(C p ) = exp(N p ) > exp(A p ). Let x be a generator of C p , q = |A p | and a = (x, g) with g ∈ G. Then a ∈ A p and therefore a q = 1. Thus (x q ) g = x q . This proves that x q is a non-trivial central element of G. Then Z(G) ∩ K = 1, contradicting the fact that K does not contain any normal subgroup of G. This proves the claim.
Let π 1 and π 2 be the projections N → C and N → H along the decomposition N = C × H. By the previous paragraph K ∩ ker π 2 = 1 and therefore
K .) Thus K is completely determined by f and hence |K| ≤ | Hom(H, C)| = |H|. The last equality follows easily from the fact that C is cyclic and exp(H) divides the order of C.
We are ready to prove our main result.
Theorem 3.4. If G is a cyclic-by-abelian finite group then every normalized torsion unit of ZG is conjugate in QG to an element of G.
Proof. By means of contradiction we assume that G is a counterexample of minimal order of the theorem and u is a normalized torsion unit of minimal order of ZG which is not conjugate to an element of G in QG. We select a cyclic subgroup A of G with G/A abelian and take D = Z(C G (A)) and K = K D . By Proposition 1.1, we may assume without loss of generality that ε x (u) < 0 for some x ∈ G. This implies that the order of x divides the order of u by statement (2a) of Proposition 1.3. Set 
We claim that
.
Write f = f 1 f 2 with f 1 and f 2 positive integers such that the prime divisors of f 1 divide |D| and (f 2 , |D|) = 1. Then m = f 2 m ′ with all prime divisors of m
. Consider the map α : C G (x f1 ) → A given by g → (x, g). If a = (x, g) then x g = ax and therefore
. Hence the image of α is contained in {a ∈ A : a f1 = 1} and this is a subgroup of A of order ≤ f 1 . On the other hand α(g) = α(h) if and only if gh −1 ∈ C G (x). Therefore (3.14)
Assume that K ∈ K and y 1 and y 2 are elements of G in the same conjugacy class such that y 1 K = y 2 K. Then y 2 ∈ y 1 A ∩ y 1 K = {y 1 } because A ∩ K = 1. Therefore, if C ∈ C K , then {g ∈ G : (x f ) g ∈ y G K C } is the disjoint union of the subsets X C,y1 = {g ∈ G : (x f ) g ∈ y 1 K C } with y 1 ∈ y G . If g, h ∈ X C,y1 then (x f )
Then (x f , gh −1 ) ∈ A∩K h −1 = 1 and hence gh −1 ∈ C G (x f ). Conversely, if gh −1 ∈ C G (x f ) and g ∈ X C,y1 then h ∈ X C,y1 . This proves that if X C,y1 is not empty, then it is a coset of C G (x f ) = C G (x f1 ). Therefore for u C as in Lemma 3.1 we get
and hence (3.16) .
Thus
Combining (3.9), (3.17) and (3.19) we conclude that
This proves (3.13).
As the left side of (3.12) is non-negative we have
because ε x (u) < 0. Therefore the equality holds in (3.13) and therefore the equality holds in all the inequalities from (3.14) to (3.20). This has the following consequences: ϕ(f 2 ) = 1, so that f 2 ≤ 2; |C G (x f1 )| = f 1 C G (x) and hence the conjugacy class of x contains all the elements of the form a i x, where a is an element of A of order f 1 ; m is divisible by all the primes dividing |D|; X C,y1 = ∅ for every y 1 ∈ y G ; the left hand side of (3.12) is zero and hence ψ K (x) is not an eigenvalue of ρ G (u) for every K ∈ K. Applying this to conjugates of x we deduce that ψ K (x g ) is not an eigenvalue of ρ K (u) for every g ∈ G and every K ∈ K. We claim that f 2 ≥ 0 and all the eigenvalues of ρ K (u) have even order. If ξ is an eigenvalue of ρ K (u) then ξ f is an eigenvalue of both ρ K (u f ) and ρ K (y). Thus ξ f = ψ K (y 1 ) for some y 1 ∈ y G . As X C,y1 = ∅, ξ f = ψ K ((x f ) g ) for some g ∈ G and therefore ξ = ζ j f ψ K (x g ) for some j. However, a i x g is conjugate to x g for every 0 ≤ i < f 1 , where a is an element of A of order f 1 . Hence ψ K (a i x g ) = ζ
